ClassSpecificFeatue Setsin Classifi@ation *

Paul M. Baggenstoss
Naval UnderseaVarfareCenter
NewportRI, 02841
401-832-820 (TEL)
401-841-7453FAX)
p.m.baggensts@ieee.q (EMAIL)
EDICS6.1.6/ 3.5/ 6.17

March 12,2002

Abstract

Thecommony usedfeature-basedlassifieimplementshe maximumaposterioriprobaility (MAP) of the data
classgiven the features. This requiresthe joint probalility densityfunction (PDF) of the featuresundereachof
the classhypotheses. Unfortunately thesePDF's arerarely knovn and mustbe estimatedrom training data. Poor
performanceresultsif the amourt of training datais insuficient to estimatethe high-dimensionalfeaturePDF’s.
Theclass-specifitheoremis presentedn which the MAP decisionrule is rewritten asa function of low-dimensiona
PDF'swhichmaybeestimatedn practicefrom far smallerdatasets.Necessargonditionsinclude(a) thatthereexists
alow-dimensioral featuresubsetfor eachclassthatis a suficient statisticfor the underlying randomparametersf
eachdataclass.and(b) thatthereexistsatleastonepointin eachparametespacehatcorrespodsto acommonPDFE
We provide a proof of thetheoremsuppatedby anexampleusingsyntheticsignals.Two ordersof magnitua: fewer
trainingsamplesarerequiredby the class-specifiapproad.

1 Intr oduction

Considetthe classificatiorprablemin which a datasampleX is to be classifiedinto oneof M classesThis is dore
optimally by theclassifierknown asthe maximum aposteriar(MAP) or Bayesiarclassifier

M M
arg max p(H;|X) = arg max p(X|H;)p(H;). 1)

However, if the likelihoodfunctiors p(X|H ;) arenotknown, it is necessaryo estimatethemfrom training data
Dimensiorality dictatesthat this is impradical or impossibleunlessX is reducedto a smallersetof statistics,or
featuesZ = T'(X). Many methals exist for choosingthe featues, however supposdor now that a class-specific
stratgy is used. Onepossibleclass-specifistrat@y is to identify a setof statisticsz ;, correspading to eachclass
H;,, thatis sufiicient or appraimately suficient to estimatethe unkrown stateof the class. Becausesomeclasses
may besimilarto eachother it is possiblethatthe M featuresetsarenotall distinct. Let

M
7 = UZi
i=1

wheresetunionnotatia is usedto indicate thatthereareno redurdantor dudicatefeaturesn Z. However, removing
redurdantor duplicatefeatuesis notrestrictve enowh. A morerestrictive, but necessaryequiements thatp(Z|H ;)
existsfor all 5. TheclassifierhasednZ becones

arg rﬁfc p(Z|H;)p(Hj). )

*Thiswork supportedy the Office of Naval Reseach
1sufiiciency in this context will bedefined moreprecisdy in the theorem thatfoll ows.



Theobjed of thefeatureselectionprocessis that(2) is equivalent to (1). Thus,they aresuficiert for the prodem at
hand We will seein thetheoemthatfollows, thereis a conrectionbetweenrthe sufficiency of thefeaturesetfor the
classificatiorprodem andthe classic(Neyman-Fishersufficiengy.

In spite of the fact that the featue setsz; arechosenin a class-specifi mannerand are possiblyeachof low
dimensim, implemertation of (2) requres thatthe featuesbe groupedtogethe into a supersetZ. Dimensiomlity
issuesdictatethat Z mustbe of low dimersion (lessthanabout5 or 6) so that a good estimateof p(Z|H ;) may
be obtainedwith a reasonble amouwnt of training dataandeffort. The compleity of the high dimersional space
is suchthatit beconesimpassibleto estimatethe prabability dersity function (PDF) with a reasonale amoun of
trainingdataandcompuationalburden Theexponentialincreasen comgexity of systemsdasbeentermedthecurse
of dimensioality by RichardBellman[1]. In comple problens, Z may be needto containasmary asa hurdred
features to retain all necessarynformation. This dimensimality is entirely unmanageable It is recoquized by a
numker of researchis thatattemptingo estimate®DF’s nonparametricallyabove 5 dimersionsis difficult andabove
20 dimersionsis futile [2]. Dimensionalityrediction is the subjectof muchresearctcurrerily andover the past
decads (somegoodoverviews areavailable[3], [2], [4]). Variousappr@achesncludefeatue selection[5], [4], [3],
projedion pursuit[6], [7], andindependeregrouping [8]. Sereralothermethod arebasedn projedion of thefeatue
vectos ontolower dimensioml subspacef9]. A significantimprovemern on this is the subspae method10], [11],
[12], in whichtheassumptia is lessstrict in thateachclassmayoccupy a differentsubspacelmprovemerns on this
allow optimizatian of erra performarcedirectly. [13].

All thesemethod involve variows apprximations.In featue selectiontheappioximationis thatmostof theinfor-
mationconcening all dataclassess contairedin afew of thefeaturs. In projectiorbasednethod, the assumptia
is thatinformationis confiredto linearsubspacesA simpleexanple thatillustratesa situationwherethis assumptia
failsis whenthe classesredistributedin a 3-dimensionalolume andarrargedin concettric spheresTheclassesre
not separatedvhenprgectedon ary 1 or 2-dmensionalinear subspae. However, statisticshasedon the radius of
thedatasamplesandwould constitutea simple1-dimensionakpacean which thedatais perfectlyseparated.

Whaterer appoachoneusesif Z hasalarge dimersion,andno low-dimensionalinear or nonlinearfunction of
the datacanbe found in which mostof the usefulinformationlies, the curseof dimensiomlity leavzesonewith the
following fundamentathoice either(a) discardmuchof theusefulinformationin anattempto reducethedimensiam
or (b) obtaina crude PDF estimatdn the high-dimensioml spaceIn eithercase poorperfamancemayresult. What
we now shaw is thatit is possibleto drasticallyredue the maximum PDFdimensionwhile atthe sametime retainirg
theordical equivalenceto the classifierconstructd from the full featureset(2), andto the optimum MAP classifier
(1). But thedimensionéity bottlene& cannotbe circumventedunlesscertaina priori informationis used. In the
class-specifienethodof featureselectionintroducedabove, the fact thatthatz ; correspndsto H; is information
thatis discardedvhenZ is createdandis not utilized in (2). We now shav how to circumwent the dimensiomlity
bottlenek by utilizing this lostinformation. Thiswill require two fundamentaldeas.Thefirst ideainvolves definirg
somecomman classH whichis asubse0f all classesThisis possiblef all classehave randon amplitucesandare
embededin additive noise.Thenif Hj is thenoise-olly class,

H()G_Hj, 1=12,...,M.

Thenext ideais to conrectthe selectionof z ; with theideaof sufiiciency.

2 Main Theorem

Theorem1 Letthere be M distinctPDF familiesp(X|H;), j = 1,2, ..., M whete H; aretheclasshypotlesesFor
classead j, let p(X|H;) beparameterizedy a randan parameer seté ;, thus

p(XIH)) = [ (K]0, ,)p(6,)d0;.

J

for all j. For eadh classy, let there be a suficiert statisticfor 6, z; = T;(X). Letthere bea combinel featute set
Z = T(X) sudthatz; € Z,j = 1,2,..., M. LetthePDF p(Z|H;) existfor all j. Letthespanof 8, include a point
0‘; thatresultsin an equivalemdistribution for X regardlessof j:

p(X|H;,65) = p(X|Ho), j=1,...,M 3

VERd]



Then the classifierbasedonthecombiredfeatute set(2) reducegso

p(z;|Hj)
arg max —————— H). 4
Prodf: Clearlyfrom (3), we have
p(Z|H;,09) = p(Z|Hy), j=1,2,..., M. (5)

We maywrite
p(2iE) = [p(EiH;,0,)0(6;|H,)d6;

= 0@ 12, 1,0 |1, 05) 20,115 o
whereZ/ is theresultof removing z; from Z definedby
ZiNz; = 0
ZiUz; = Z.

We now male useof thefactthatp(Z7|z;, H;, 6;) is independeniof 8, dueto sufficiency andwe may evaluateit at
ary valueof 8;: we chooseeg.

p(Z|H;) = P(Zj|zjaHja9?)/P(Zj|Hja9j) p(6;|H;)do,

= p(Zi|z;,H;,6) p(z;|H,))

VER |

Now, p(Z?|z;, H;,6]) maybe expanded
. Z|H;,6°

p(ZJ|zj>Hj702) = Lj]{))

p(zj|Hj70j)

Now, p(Z|Hj, 0?) is independenof j asaresultof (3), thus

p(Z|H;) = f%pmﬂo)

wherewe write the corditioning { H ;, 6°

j,0;} asHy. Now, plugginginto (2), anddividing outp(Z|H ), which does not
depenl on 7, we get

M M p(z;|Hj)
arg max p(Z|H;)p(Hj) = arg max o e sp(H;) 6)

Whichis thesameas(4) —.

We therefae have shavn thatit is possibleto reducethe dimersionality, yet end up with a classifiertheorgically
equialentto the classifierbasedon the full-dimensionalfeatureset. It is notedby Kay [14] that under the same
assumptioanecessarjor theabove theorem(4) is equivalentto (1), thus(4) is fully equivalentto the MAP classifier
basedbnX.

While theredtction of the high-dimensioml prodemto alow-dimensionalprodem s significantenowgh, anotter
significantideaemepesrevolving arourd the ideaof sufiiciengy. If {z ;} aresufiicient (in the Neyman-Fisheisense)
for theparameerizationsof the correspondig class,andacommonclassH ¢ canbefound, thenZ is suficientfor the
classificatiorprodem athand[14].

It is alsoimportant to note that while the paraneterdistributions p(@ ;| H;) are usedin the proof, they arenot
requitedin practice All thatis requiral areestimateof the low-dimensionaPDF's p(z ;| H;).



3 Classifier Ar chitecture

Theformulation(4) suggests detecta/classifierarchite¢ure asshavn in Figurel. Eachdataclasscorrespadsto a
distinctandindepemlentbrarchin thediagram(thethird brand hasbeenexpandedfor reasos whichwe will explain
belav). Theoutpu of eachbranchis a detectionstatisticfor distingtishingthe correspondig signalclassfrom H .
The modularity of the processoiis hasobvious advartages. As long asthe sameH  is used,eachbranchcanbe
independentlydesigred, trained andimplemerted by separateomputationalhardware. As new signalclassesare
addedo theclassifierit only meansaddingnew brarchesto the structure Existingbrarchesremainunchanged

In thefigure,we have shovn a casewhenfor a givenclassH 3, theremaybea varietyof sub-classemdexed by a
paraneterd. It is possibleto carryouta maximizaion over @ prior to nomalizationby p(z ;| Ho).

Thecomman classH, doesnotneedto bearealclass.Techrically, theonly requiranentis thattheparanetersets
of eachclassmustinclude H, asa specialcase thusthe natual role of the noise-oity hypothesis.We have found it
usefulthat H, representthe condition thatX besamplef iid Gaussiamoise.

A methal of systemidentification(or mocel selection)s implied by the structureaswell. Supposehata quartity
of trainingdatais availablefrom somedatasourceandthatit is desiredto fit the datato amockl. Let H; and H, be
two candidatenodels(i.e. two candidée featuresetsz,, z,) thathave eachbeentrainedon the sametrainingdata.In
spiteof thefactthat H,; and H, mayhave differing structureshave differentmodelordes or compleities, andmay
be basedon differen featue setsit is possibleto directly compae the two modeloutputsdo determire which model
is better The optimality of this compaisonwill bein the senseof minimum prabability of erra whenH ; and H»
areregadedasseparatdypotheses.If oneof the mockl outpus is greateron average thanthe othermodel output
for the samepopulation of testingdata,thenit will likely make a bettermodelfor classifyingthe signalclassfrom
othersignalclassesvhena class-specifistructureis used.Thus,we have a methal of choosinga mocel for a signal
classthatis independentof other signal classesyet findsthe bestmodel for classifyinga signalagainstothersignal
classesThisis anentirelynew classifierdesignparadgm.

While the class-specifi@architectue is not new [15], this is the first time it hasbeenplacedon ary theoketical
relationslip to the MAP classifier Theaem1 shawvs clearlyhow the various brandesof the structue arenormalizel
andcompaed in orderto achiese the optimd perfamanceof the MAP classifier It alsoshaws that nomalization
by the likelihoad of the comma classH is necessaryo allow the outputs to be compaed fairly. Without ary
further knowvledgeabou the classlik elihoad fundions, it repesentghearchite¢urewith thesmallesipossiblefeatue
dimensim thatis still equivalert to the optimum Bayesiarclassifier

While Theorem1 requres very specificconditins to hold, specificallythe suficiency of the featuresetsand
the existenceof a comman class,it is reasonhle to askwhereappraximatiors may be made. We have found from
expeliencethat while the sufficiengy of the various statisticscan be relaxed somevhat, and apprximatiors to the
variows likelihoad functiors maybe made thelik elihoad functionsunder H o cannotbe appraimatedwithout carefil
attentionto thetails. In practice, X mayvary significantlyfrom H g, especiallyat high SNR. Thus, it is necessarjn
mary casedo useexactanalyticexpressiongor p(z ;| Hy). This mayseemto be anoverly restrictve requrementat
first. But, in mostcasesolutiors canbefound especiallyif Hg is choserasiid Gaussiamoise.

4 Practical Considerations

For real-world prodems, the sufficiency of feature cannever be established.How, thencanthe methodbe used?
The simpleansweiis thatsufficiency is not really requiredin practice. Sufficiency is required to establishithe exact
relationslip of the class-specificlassifierto the optimun Bayesianclassifier If sufiiciencgy is appoximated sois
this relatiorship. Comparehe class-specifi¢CS) appoachwith the full-dimensionalFD) apprach. With CS,if the
featuredimersionsarelow, onecanhave a goodPDF appoximationof appoximatesuficient statistics.However, in
the FD apprach,onehasthe choiceof a very poor PDF estimateof thefull featue set,or agoad PDF estimateof a
sorely inadequatefeatureset.

To utilize (4), it is necessaryo obtainestimatesf p(z;|Hy) for bothk = 0 andk = j. Fork = j, it is clear
that exemgars of z; from a training datasetmay be usedto train a densityestimate for examge using Gaussian
Mixtures via the EM algorithm. Likewise,for k& = 0, alargenumbe of exemplarsmay be createdunderthe noise-
only assumptia by simulation. However, a numeical problemarisesfor featurevectas which differ greatlyfrom
thenoise-oily hypothesis(i.e. high-SNR). Then,the derominatordensityp(z ;| Ho) will beoutsideits usefulrangein
whichit canappoximatethedersity. We areleft with thesechoices:



Feature Extractor % pz|H.) pH,) / pIH)
Input ():i(ata streanf—  Feature Extractor % piz,H,) pH,) / pi,H) -
Feature Extractor % p@z,|H,8)
p(z,|H.6) 9@ pH,) / pz|H)
p@z,|H.6)

Figurel: Detector/ClassifieArchitectue

1. ObtaintheoreticadensitiesunderH by deriving themanalytically Thisis aidedby thefactthatthe numker of
featuesis (hopefully) smallandthat H is straight-foward(i.e. iid Gaussiamoise).

2. Obtainanalyticexpressiongor thecharateristicfunction, thenapplytheinverseFourier transfom numeically.

3. Useanasymyppotic analysis of thetail behaior of p(z ;| Ho).

4. If theprimary issuein causingz ; to beoutonthetails of p(z;| Hy) is dueto signalstrengththenthefollowing
decanpositionis useful.Letz; = {2}, 27,..., 2]} andlet z} beameasuref signalstrengh. Then
p(z;|Ho) = p(23, ..., 2} |Ho, 2} )p(z}| Ho)

It maybe,asit is for examplein ARMA or AR parameteestimatesthatz?, cee, zf‘ areindegendenbf zjl uncer

Hy. Inthiscasep(z;|Ho) = p(z},.. .,z |Ho)p(z} | Ho) Wherethetermp(z} | Ho) maybeknown analyically

andbearshebruntof thetail behaior.

5 Example Problem

5.1 SignalClasses

Thepumposeof the exanpleis to offer a contrdled experimentusingsyntheic signals.Thesesignalswerenotchosen
to represenary real-world prodem in particdar. They were chosen(1) to provide clear sufficient statisticswith
known distributions under Hg, and(2) to provide a difficult classificatiorervironmen with somesimilar signaltypes
at a wide rangeof signalstrengths. Sufficient informationis provided so that the expeiment may be repioduce
andreades may commretheresultswith othermethals. Becausehe signalsare syntretic, an unlimited numter of
samplegnaybe produced This allows the asymptdic (large sample)classificationperfamanceto be approxmated
in thelimit.

The signalsare producedwith randan signalamplitucesdistributedfrom very weakto modeate. A significant
numter of incorect classificationsare expected,even for the limiting case. We conside 9 dataclassesdenotel
Hy,..., Hy.

e ClassH,: Noiseonly



e ClassH;: LongSinevave

e ClassH,: MediumSinevave

e ClassH;: ShortSinevave

e ClassH,: LongGaussiarSignal

e ClassHj5: ShortGaussiarsignal

e ClassHg: Shortimpuse Signal

e ClassH7: LongImpulseSignal

e ClassHg: LongLaplacianDistributedNoise
e ClassHy: ShortLaplacianDistributedNoise

Exampes of thesesignalsareprovidedin Figure2. Mathematicaldescriptims of signalsusedin the simulationare
describedn enowghdetailin theAppendx sothatthereademayrecreatéheexpeiiment. Suficient (or appraimately
sufficient) statisticsz; areprovidedin Table1. Thedistributionsp(z ;| Ho), whereHy is the condition that X is iid
Gaussiamoiseof unit variarce,areprovidedin Table2.

5.2 Results

A total of 16384 sampledrom eachof classesH; through Hy werecreated.Eachsamplecorsistedof a statistically
independentrealizationof a time seriesof length N = 256 geneatedunderthe correspondimg hypothesis.For each
hypothesisthevaluesof pertinett mocel parameteswereselectecht randon asdescribedn the Appendx. For each
time seriesproduced thethestatistics(featues)z, . . ., zg werecompued.

As a checkon the deternination of theoreticalPDF uncer H o, datawasalsogereratedfor pure Gaussiamoise.
Histogramsof the Hy distributions ovellaid on thetheoetical curves areprovidedin Figure3. Noticethatz g andzg
aretwo-dimersionalandaplanarplot is neeed.

The featuredatawas usedin holdaut trials to determineprabability of correct classification(P..) asa function
of the numter of training samplegNTRAIN). For eachvalueof NTRAIN, four indepemlenttrials were perfomed.
For eachtrial, the datawasdivided rancbmly into trainingandtestingpottions. All the datanotusedin trainingwas
usedin testing(i.e. for deternining P,.). Theaverageof thefour trials wasplotted Theresultsof theexpeimentare
providedin Figure4 for threeclassifiers:

1. K-neaestneigtbor classifierwith K = 3. The nearesB training samplesverelocatedin eachclasstraining
setandthedistanceo thefarthesif these3 wasusedasa classificatiorstatistic. Distancewascompuedusing
“dataspherig”, thatis, thedistancdrom afeatue vectorto atrainingsampleof a particularclasswascomputed
in acoordnatesysternin whichthefeaturef thatclasswereuncarelated.Thefeatureaveredecarelatedusing
anestimateof thefeaturecovarianceobtainedrom thetraining data.

2. Full-dimensionalFD) classifieimplementingequation(2). Thedistributionsp(Z|H ;) wereestimatedrom the
training datausinga GaussiarMixture estimateobtairedusingthe E-M algorithm[16],[17].

3. Class-specifi¢CS) classifierimplementing equation(4). Thedistributionsp(z ;| H;) wereestimatedrom the
training datausinga GaussiarMixture estimate.

Two claimsof this paperaresuppaeted by the graph First thatthe lower dimensiol formuation achiezes maxi-
mum perfamancewith fewer trainingsamples Secoml, thatbothformuationsareequivalent(given sufficient data).
Thelatterclaimis suppoted by theasymptdic corvergenceto similar performane levels. Of coursetheapprxima-
tionsusedfor classesHs, Hy couldaccount for somesub-opimal behavior of the class-specifiéormulation. Dueto
practicallimitations,the FD perfomancecouldnotbe evalugedat higherthan812 training samples.

Further evidencethatthe two formulationsareappoximatelyequialentis obtaired from the confusionmatrices
of the FD andCSclassifierdor 812 and128trainingsamplesrespectiely areprovidedin Tables3,4.



z; = log { [Zfil x; cos(wi)] ’ + [Zfil x; sin(wi)]2

|

zy = log { [Efi/f x; cos(wi)]2 + [Zf\;/f T; sin(wi)} 2}

z3 = log { [Ef\;/f Z; cos(wi)]2 + [Zfi/f T; sin(wi)r}

N
Z4 =) i ;

N/2 o

zZ5 = i=1 €T3
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z7 =log(a} + 23)
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N
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Tablel: Class-SpecifiStatistics




p(z1|Ho) = (ﬁ;) exp {—;;12}
Pl Ho) = (35 ) exp {355 }
plas|Ho) = (453 ) exp {453 }

1 p—1/N\og—N/z,\¥_1 2
p(zalHo) = HT1(5) 2% () ¥ exp { -~}
p(zs|Ho) = HT1(5) 27 % (%) ¥ exp {— 25
p(zﬁlHO) = (271'0'2)_ /2 exp{_%}GZfs/Z
p(Z7|H0) = (471'(72) / exp{_%}GZ7/2

Gaussiarfor N — oo:

\/E
1

E(zg|Ho) = N
1—2 2
Cov (ZSlHo) = N
22
™
Gaussiarfor N — oo:
2
E (zg|Ho) = 5
1
1—2 2
COov (Zngo) = 5
22
K

Table2: Distributions of Class-SpecifiStatistics




Declaredasclass:

1 2 3 4 5 6 7 8 9
Class
1 70 8 7 3 2 3 2 0 O
2 8 57 15 5 3 5 3 0 O
3 6 12 53 7 6 7 5 0 O
4 3 5 759 9 4 3 5 1
5 3 7 11 12 35 5 5 0 18
6 3 4 7 5 3 63 10 0 O
7 3 3 6 3 3 11 67 0 O
8 O 0 O 4 0O 0O 0 949 o
9 O 0 0O 1 9 0O 0O O 88

Table3: ConfusionMatrix for Full-Dim (FD) classifierat 8192trainingsamplesn percent.

Declaredasclass:

1 2 3 4 5 6 7 8 9

Class

1 68 6 6 5 6 4 2 0 O
2 5 58 11 5 8 5 3 0 O
3 4 8 52 9 11 8 5 0 O
4 2 3 4 60 12 4 2 8 O
5 3 3 6 14 3 6 3 0 27
6 1 2 7 5 7 65 8 0 O
7 1 3 5 4 6 11 64 0 2
8 O 0 O 1 O O 0 949 4
9 0O 0 O 1 183 0 0 0 84

Table4: ConfusionMatrix for Class-Specifi¢CS) classifierat 128trainingsamplesn percet.



More evidenceto concening the equivalerce of the two classifierss obtainel asfollows. It is clearthatfor ary

two classed,B,

P(Z|Ha) _ p(zalHa)/p(za|Ho) @)
p(Z|Hg)  p(zr|HEB)/p(zE|Ho)

Thus, the ratios betweenthe classifieroutputs for arny two classess the samefor the FD or CS classifiers. This
equialencemaybetestedexperimentallyby plotting theright-handside(RHS) of theabove equality on oneaxisand
theleft-hard side (LHS) on the otheraxis. Refernow to Figure5 which plotsthe LHS of (7) vs. the RHS sidefor
hypothesedt and1. Notice thatasthe amoun of training dataincreases equalityis appraimated. In Figure6, the
samegraphis plottedfor hypaheses3,1 Noticethatthetrendto equality is lessdramatic.This maybe explainedby
theappraimateform of p(zg|Hy) thatwasusedin thesimulation.

6 Conclusions

An exactexpressionhasbeenderivedthat providesa way of breakirg down the traditionalBayesiamminimumerra
M-ary classifierinto low-dimensionalistributions. It requres (1) a (small) setof sufficient statisticsfor eachsignal
classand(2) a comnon (ndise-only)class. The benefitof the class-specififormuation over the optimum Bayesian
classifieris clearlydemorstratedin a synthetic9-classprodem. More that2 ordes of magnitule moretraining data
is required by the traditioral appoach. Theseimprovemetts were obtaired in spite of the useof appraimationsto
sufficient statisticsandto their distributions.

7 Appendix

In this sectionwe provide detailsof the sufficient statisticsrequiral for eachhypothesis.

7.1 ClassH,: Noiseonly

Thenoise-mly classis characterizé by pureiid Gaussiamoise.
1 N
mxu%r=@mﬁrwﬂem{—aﬁ§jd}
=1

7.2 ClassH;: Long Sineware

ClassH; is asinevave of randam positive amplituce a anduniformly distributedrancdbm phasdn Gaussiarid noise
of known varianceo?. Leta = 10%/20 whereb is uniformly distributedon[-20,0]. We have

p(Xla,0) = (27{'0’2)_% exp { ! Z [z; — acos(wi + 9)]2}

" 307 <

ThelLR teststatisticgivena

'ﬁmmm@w

[
p(X|a=0)

mayberedwced[18] to amonotaic functionof
q2 — CQ + 32
where
N N
c= Z zicos(wi) s= Z x; sin(wi)
=1 i=1
Thus,q is asuficient statisticfor a. We chaose

z1 = log(¢?)

10



NotethatunderH, thetermc ands eachareGaussiawith zeromeanandvariarce NT"2 We see,thenthatj\,%ﬁq2 =

2z (A + s?) is distributedy?(2). Letu ~ x2(r), then

p(u|H0) — Fil(T/2) 277*/2 ur/271 efu/2

Lety = ku, then

1 2 p y
plylHo) = 5 T74(r/2) 27772 (y Ky 7 .

Now let z = log(y), then

p(elHo) = 3 T7(r/2) 2772 (k)72 & exp {——} (®)

2k

e

Thedistributionof z; = log(q?) is obtainedby lettingr = 2,k = NT‘TQ thus

e’ e’
P(Zl|H0) = (N—a2> €xp {_N—ﬁ} -

7.3 ClassH,: Medium Sinewave

ClassH, is the sameas H; exceptthe signalcoversonly the first half of X. The desireis to createa classhighly
correlaedwith H;. Leta = 10%/2° whereb is uniformly distributedon [-20,0]. Let

q2202+32

where
N/2 N/2
c= Z zicos(wi) s= sz sin(wi)
=1 =1
zy = log(¢?)

NotethatunderHy, c ands areeachGaussiarwith zeromeanandvarianceNT"Q. Following the derivationfor p(z;),
we have 00 00
e 2 e 2
plealo) = (3 ) o { -3 )

7.4 ClassH;: Short Sinewave

ClassH; is thesameas H; except the signalcovers only thefirst quater of X. Leta = 10%/2° whereb is uniformly
distributedon [-20,0]. Let
q2 — C2 + 32

where
N/4 N/4

c= z zicos(wi) s= Z:c, sin(wi)
i=1 i=1

z3 = log(¢*)

NotethatunderHy, ¢ ands areeachGaussiarwith zeromeanandvarianceNT"Q. Following the derivationfor p(z;),

we have A A
eZ3 eZ3
plalt) = () e { -3 |

11



7.5 ClassH,: Long Gaussian Signal

ClassH, is Gaussiarsignalin Gaussiamoise.Let o ; bethe signalvariarce. We have

N
p(X|Hy) = [27(0? + 02)] —N/2 exp {—ﬁ Z xf}

2 2
o‘+o
+o3) =

Leto; = y/o2 4+ ¢2. In thesimulation realizatiors of o, wereprodwedaccoring to o, = o + 10%/20 whereb is
uniformly distributedon [-30,-10]. As asufficient statisticfor o 2, we chose

N
Zy = Z .CL'?
i=1
Notingthatz,/o? is x%(N)
N et —N/2, 24 \N/2-1 Z4
plas|Ho) = — T~ (N/2) 27V (Z) N2 exp { - 2 |

7.6 ClassH;: Short GaussianSignal

ClassHj is thesameas Hy but occupiesonly thefirst half of X. As before,o; = y/0? + o2. Realization®f o, were
producedaccoring to o; = o + 10°/2° whereb is uniformly distributedon[-16,4]. As asufficient statisticfor o 2, we

chose
N/2

Z5 = E .’L'l2
=1

Notingthatzs /o2 is x*(N/2)
_1 - —N, N/2— Z5
p(zs|Ho) = —T L(N/4) 27N/ (25 /a?)N/? 1exp{—ﬁ}

7.7 ClassHg: Short Impulse Signal

ClassHjg is animpulsive signaloccuring onthefirst datasamplez ;. Let
z; = as+n;, =1
z; = ng; 1=2,3,...,N
wheren; areiid Gaussiarrancbm variablesvariades with meanzeroandvariarce o 2, s equds -1 or 1 with equal
prokability, anda = 10°/2° whereb is uniformly distributedon [-2,18]. We chocseasa sufficient statistic
zs = log(27)
Theargumentof thelog times1/0? is distributedx?(1), thusfrom (8),

p(zs|Ho) = T7'(1/2)15 e/ exp{_%}

= (271'(72)_1/2 exp {—;—:}} ee/?
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7.8 ClassH;: Long Impulse Signal
ClassHy is similarto Hg but occipiesthefirst 2 datasamplesLet
T; = as+n;, =12
Ty = Ny, ’i:3,4,...,N
wheren; areiid Gaussiarrancbm variablesvariades with meanzeroandvariarce o 2, s equds -1 or 1 with equal
protability, anda = 10%/2° whereb is uniformly distributedon [-4,16]. Let

z7 = log((z1 + 22)°)

Theamgumentof thelog times # is distributedx?(1), thusfrom (8),

plarlHo) = T7'(1/2)7ks e/ exp{ -5}
= (4#02)_1/2 exp {—j%} e?1/?
7.9 ClassHs: Long Laplacian Distrib uted Noise
Thisis aheay-tailedtypeof randan signal.Undersignalonly, z ; is distributed
p(ai) = e .

2p

WhenGaussiamoiseof variarce o2 is addedthedistributionis [tharks to Tod Luginbuhl for this formual]

“ovi " o3 f (— ; L) _
p(x.|p2) . ie% {ewi/perf( = pﬁ) o — efzi/Per oV2 + P\/5 1}
1 2p

2 2
No sufiicient statisticfor p is immedately obviousfrom this distribution. We chocseasa pair of statistics
N
[ iz il

N
2im1 x?

Thiswill provide anexamplewheresuficieng is only appraimate. The two-dmensionakcharactestic fundion of
thedistribution of zg under Hy is

zg —

Pg(wr,ws) = (fz fypm(m)é(y — \/a?)e*j‘””e*j“’lydmdy)N

(fooo Dz (.’L‘)e*juh @ —jws ﬁd:p) N

wherez is a x? rancbmvarialde, y is theabsolde valueof anormalrandan variable(x-distributed), andthep , (z) is
the x2 distribution
pz(m) — F_1(1/2) 271/2 1’71/2 67z/2

Solutionis possibleby inverse Fourier transform however it is not a simple task, especiallywhentail behaior is
neededWe note,however, thatby applying the CentralLimit theoemfor large NV, thedistribution of z g is appioxi-
matelyGaussiamwith meanandcovariance
2
Vi
1

E (Z8|H0) =N

13



._.
|
3
3w

cov (zg|Hy) = N
22

™

Usingthe asymptotiadistribution will testtherobustnesf the overall technique, however it is notrecommendedn
geneal to usethe CentralLimit theoemfor the Hy densitybecageaccuratdail behaior is needed

7.10 ClassHy: Short Laplacian Distrib uted Noise

Thisis identicalto Hg except thesignalcoversthefirst N/2 samplesln asimilar manrer,

S il
Zg =
N/2
Ziz/l o
Thedistribution of zg underH, is apprximately Gaussiawith meanandcovaiiance
2
T

N
E (z9|Ho) = 5}

v =2
3
3

Cov (Zngo) =
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Figure2: Exanplesof theninesignaltypes.Signal-toNoise(SNR)hasbeenincreasedor clarity. Actual SNRvaries.
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